ON THE UNBOUNDED OF A CLASS OF FOURIER INTEGRAL 

OPERATOR ON (Rn) 



A. SENOUSSAOUI 



Abstract. In this paper, we give an example of Fourier integral operator 

with a symbol belongs to H '^'2 i that cannot be extended as a bounded 

0<p<l 

operator on (R") . 



1. Introduction 
A Fourier integral operator is a singular integral operator of the form 

/ (a, (f>)u{x)= [ I e^-^t^^'^^'^^a (a;, y, 6) u (y) dydO 



defined under certain assumptions on the regularity and asymptotic properties of 
the phase function (j) and the amplitude function a. Here plays the role of the 
covariable. 

Fourier integral operators are more general than pseudodifferantial operators, 
where the phase function is of the form {x — y,0) . 

Let us denote by S'^g (M"i x R"^ x M^) the space of 
a {x, y, 9) e C°° (M"i x' R"^ x M^) , satisfying 

\d^9yd]aix,y,0)\ < Ca,p,-,X"'-''^''^+^'-^"^+^'^^\9), V(a,/3,7) e N"^ x N"^ x N^, 

where A (6*) = (1 + \0\) . 

The phase function (j){x,y,9) is assumed to be a-C°° (M"i x R"^ x M^,R) real 
function, homogeneous in 6 of degree 1. 

Since 1970, many efforts have been made by several authors in order to study 
this type of operators (see, e.g., [H El [6l [71 [8] ) . 

For the Fourier integral operators, an interesting question is under which con- 
ditions on a and (p these operators are bounded on or on the Sobolev spaces 
H". 

It was proved in 10 that all pseudodifferential operators with symbol in g 
are bounded on ii 6 < p. When < S = p < 1, Calderon and Vaillancourt [5] 
have proved that all pseudodifferantial operators with symbol in p are bounded 
on L^. On the other hand, Kumano-Go |ll] has given a pseudodifferential operator 
with symbol belonging to p| 5° ^ which is not bounded on (R). 

0<p<l 
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For Fourier integral operators, it has been proved in [1 that the operator 
/ (a, (/)) : — > is bounded li 5 = m = p = Q. Recently, M. Hasanov [6] 
constructed a class of unbounded Fourier integral operators on (M) with an 
amplitude in i- 

For u G (K"), the integral operators 

(1.1) / (a, S) ip{x) = J e'^^^^'^^a (x, y, 9) T^p (9) d9 

appear naturally in the expression of the solutions of hyperbolic partial differential 
equations (see [4l[5lfT2]). 

If we write formally the expression of the Fourier transformation J'u (9) in (II. ip , 
we obtain the following Fourier integral operators 

(1.2) / (a, S)u{x)= jj e'(S(-^e)-!/«)a {^x, y, 9) u [y) dyd9 

in which the phase function has the form (f) (a;, y,9) = S {x, 9) — y9. We note that in 
|13) . we have studied the L^-boundedness and i^-compactness of a class of Fourier 
integral operator of the form (|1.2I) . 

In this article we give an example of a Fourier integral operator, in higher di- 
mension, of the form ()1.1|) with symbol a (x, 0) G H S*" independent on y, that 

0<p<l 

cannot be extended to a bounded operator in (M") ,n > 1. Here we take the 
phase function in the form of separate variable S {x,9) — (p (x) ip (9) . 



2. The boundedness on C^(M") and on £»'(«") 
li (fi E C(J° (M") , we consider the following integral transformations 

(I (a, S) ip) (x) = / e'^^''''^^a{x,9)Tip{9)d9 
(2.3) = / e'^^^^''^^'y''^a{x,9)ip{y)d9dy 

Jr"xR" 

for X G R"and iV G N. 

In general the integral (12. Sp is not absolutely convergent, so we use the technique 
of the oscillatory integral developed by L.Hormander in [8]. The phase function S 
and the amplitude a are assumed to satisfy the hypothesis 

(HI) 5 G X R^, R) {S real function) 

(iJ2) V/3 G N^, 3Cp > 0; 

< (x) A'^"I'^I)+ (9) , V (x, 9)eM.^x 

where A (9) = (1 + \9\) and (1 - |/3|)^ = max (1 - |/3| , 0) . 
{H3) S satisfies 

^ - 2/ j ^ 0, V (x, 0) G R> (R^\ {0}) . 

Remark 2.1. If the phase function S {x,9) is homoyeneous in 9 of deyree 1, then 
it satisfies {H2). 

For any open f2 of R^ X R^, m G R, p > and (5 > we set 



d^gSix,9) 
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aeC°° (n) ; V(a, /3) £ N" x N^, 3Ca,^ > 0; 



Theorem 2.2. // 5* safzs/?es (HI), {H2), (m) and if a e 5""^ (M^ x M^) , then 
I{a,(f>) is a continuous operator from (R") to C°° (R") and from (R") to 
D' (R") , w/iere p> Q and 5 <1. 

Proof See [6], m pages 50-51]. □ 

Corollary 2.3. Let (p {x) ,ip (d) € C°° (R", R) two functions, tp {6) is homogeneous 
of degree 1 {tJj (9) ^ 0) and tp (x) satisfies 

(2.4) ^'{x)^Q, VxeR". 
Then the operator 

(2.5) {Fu){x)= j e"^^'''^'l'^^^a{x,e)Tu{e)de, u e 5(R") 



maps continuously (R") to C°° (R") and £' (R") to D' (R") /or every a G 
(Ka; X Re) , where p> Q and 5 <l. 

Proof. For the phase function S(x,6) — tp{x)tp{6), {HI), (H2) and (i?3) are 
satisfied. □ 

3. The unboundedness of the operator F on (R") 

In this section we shall construct a symbol a{x,0) in the Hormander space 
Pi Sp I (R" X Rg ) , such that the Fourier integral operator F can not be extended 

0<p<l 

as a bounded operator in (R") . 

Lemma 3.1. (Kumano-Go [11 j. Let fo (t) be a continuous function on [0, 1] such 
that 

(3.1) fo (0) - 0, fo (t) > m ]0, 1] . 

Then, there exists a continuous function b (<) on [0, 1] such that b (t) satisfies the 
conditions 

r foit)<b{t) on [0,1], 

(3.2) I 6e C°° (]0,1]), 6(0) = 0, 6'(t) > m ]0,1], 
i |6^"^ it) \ < Cnt-" in ]0, 1] , n e N*, C„ > 0. 

Definition 3.2. It is obvious that an operator A is extended as a bounded operator 
in L^ (R") if and only if there exists a constant C > such that 

(3.3) \\Au\\l-^ < C ||u||i2 for any u e 5(R"). 

Theorem 3.3. Let A be an operator, given at least for x G ]0,/3["' (P <1), by 

{Au){x)^ I u{g{x)z)T-^{z)dz, w e 5(R"), 



we denote here &i/]0,/3[" = J| ]0,/3[. 

3 = 1 
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//* e 5(R"), * (0) = 1 and the function g e C° (]0,/3[" ,K+) satisfies 

( lini 2(2) =0, 
(3.4) <^ |xKo+ 1^1 

[ Vi G {1, n} ; — S> g (xi, .., Xi, is increasing on ]0 , 13[ . 

Then the operator A cannot be extended to a bounded operator in (R") . 

Proof. Using the Fourier inversion formula in iS(R"), we have 

{Au){x)^j u{g{x)z)T^ {z)dz, m e 5(M"). 

Then there exists a constant A^'o > such that 



(3.5) 
Setting for e > 



(27r) ~ / J"*(z)rfz 

N,N]" 



Ue {z) 



> P for any N > Nq. 
_ / (27r)"* , for z e [-£,£]" 



0, for z ^ [— e,e]" 
Then, using the density of iS(M") in iy^(M"), we see that {Au^) {x) must be 

(3.6) (Aue) (x) = (27r)"^ /" ^ (z) for x e ]0, /3[" . 

By p.4p for any p £ N* there exists a small £p > such that 

— ^-^ ^ > No and pep < /3. 

g (pep,..., pep) 

It follows from the condition (13. 4p that 



5(x) g (pep,..., pep) 
so that, using p.Sp and (j3.6p , we have 



>— 2 r>iVo, holds for X e]0,p£p]", 



(3.7) = / l^-Uep (2^)f c^a; > / | Awe^ (x) |^ dx > (pe^)" . 

JR" "'[O.pep]" 

Assume that A is bounded on L-^(R"). According to (|3.3p there exists C > such 
that: 

(pep)" < ll^^ieJll. < (2ep)" for any p. 
Which is a contradiction. □ 

Let K (t) be a function from S{R) such that K (t) = I on [-5, 5] (^ < 1), b (t) £ 
C°([0,1]) be a continuous function satisfying conditions p.2p and (f (x) , ip (9) £ 
C°° (M", R) with t/) (0) homogeneous of degree 1 {ip (9) ^ 0). We assume that ip (x) 
satisfies 

(3.8) \ip{x) \ <C\x\ for |x| < 1. 

We remark that if the function <p (x) is homogeneous of degree 1, then it satisfies 

dSll). 

For X = (xi,...,x„) ,6* = {9i,...0n) e R", set 

n 

q (x, 9) = e-^^^")^^'') [| if (6 (|x|) |x| 9j) 
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Lemma 3.4. The function q £ C°°([— 1,1]" x Mg) and the following estimate 
holds: 

y{a,l3) e N" X N", 3Ca,0 > 0; 

(3.9) <a,^Al"l-l^l(0){6(A-i(0))}"'^' [_i,i]»xR^. 

Proof. We adopt here the same strategy of Kumano-Go [H] lemma 2. 

Since i(j {9) is homogeneous of degree 1 {tp {6) ^0), it will be sufficient to check 
the estimate for n = 1 on [—1,1] xM.g, i.e. 

V(j, fc) e N X N, fe > 0; 



(3.10) 



e-'pwsif (6(1^1)^0) < c^kX'-" {9) {b{x-' ie))y 



Since K {t) e 5(R) and K^"'> (t) = on [-S, S],neW, then 



(3.11) 
(3.12) 



WK{t)\ < Ci, V/gN 



(") (t) 



By Leibnitz's formula we have 



< Cin, Vn G N*,V/ G Z. 



e-''^(^)''i^ (6(1x1) aje*) 



E [if('=^)(6(|a;|)x^^)(6(lxl)x)'^^]9^^ [(-^^ (x))'== e-^^(-) 

Then, by means of p.8p and p.2p , we have for 



ki+k2=k 



wueie "--ji j2,fci,fc2 - jiy^ifeiife! 
constants Cj 



ib (1x1) a;0)l < C^- (& (Jx]) x0) 



(3.13) y max {\e\''' \x\-'^ {h{\x\) xf'-"'] max f I^I'MxI''^-'^ , 
where Kp (t) , p G N arc defined by 



l2<k2 



Ko (t) = \K (i)l , Kp (t) = max k(p') (t) 



, p G N*. 



Writing 16 (1x1) xl = 16(1x1) x^l le*] ^ and lx| ^ = |6 dx]) x6»l ^ 6 dx]) le*] , then there 
exists a constant C, 

16(l2;l)xl < CA (5(lxl)x6i)A-^ (0), 
Ix]"^ < C16(lxl)x6ir^ A(6') 



(3.14) 



[-1,1] xRg. 



We have b-^ {\x\) < b-^ (A^^ (9)) when Ix] > A"^ {6) (because b IS mcreasmg . 
Then, 

Ix] = 15(lxl)x01 (5(1x1) 1^1)-^ < 15(lxl)x01 \e\-' (A-^ (9)) 
< CX (6 (1x1) x0) X-^ {9) (A-i {9)) . 

Bearing in mind the other case when Ix] < A-i {9} , we obtain for a constant C 

(3.15) Ix] < CX (6 (1x1) x6i) A-i (6i) 6-^ (A-^ (6i)) . 

Finally from ((3ll|) to ([STTS]) . we obtain (|37TO)) . □ 
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Lemma 3.5. For any continuous function bo (t) on [1, +oo[ such that 

(3.16) 6o (t) > 0, lim bo (t) = +oo, 

then there exists a continuous function b {t) on [0, 1] witch satisfies conditions 
such that we have on [—1, 1]" x Wg 

(3.17) |9,"9,^(a;,^^)| <a.M'"'"'^' W{&o(A(0))}'^', a,/3eN". 
Proof. Setting 

h{t)^{bo{t-')y' on ]0,1] 
/o (0) - 0, 

then /o is a continuous function on [0, 1] which verifies condition (|3.ip . Then, by 
lemma I3TT1 there exists a continuous function b (t) which satisfies (13.21) . Noting that 

{b (A-i {6))}-' < {fo (A-i (6))}-' = bo (A (9)) 
this gives ((3Tfl) . □ 

Lemma 3.6. Let {^i (OlzgN* ^ sequence of continuous functions on [l,+oo[ 
which satisfy (|3.16p . Then, there exists a continuous function bo (t) verifiying (|3.16p , 
such that, for any lo, 

bi{t)>bo{t) on [ti„,+(X)[, l = l,...,lo 

Finally, our but is to give an unbounded Fourier integral operator of the form 
((231) with symbol in f] 5° ^ (M^ x M^) . 

0<p<l 

Theorem 3.7. There exist a Fourier integral operator F of the form (|2.5p , with 
symbol a E P| Spi (R^' x Mg ) , which cannot be extended to be a bounded operator 

0<p<l 

on (R") . 

Proof. Let (j) (s) be a-C(J° (M) function such that 

0(s) = l on (/3<1) 
supp(p C [-1, 1] . 

Define a C°°-symbol a (x, 0) by 

n 

a {x, 9) = e-^'^(=^)'^(^) Jl (xj) K {b (|x|) |x| i 
i=i 



where if (i) and b {t) are the functions of lemma \3A[ Let 6; {t) — log ... log (C; + i) 
defined on [1, +oo[ and C; some large constant, then by lemmas [331 and [331 we have 

,V(a,7) e N" X N", V/ e N* 

(3.18) \d^d]a {x, 9)\ < a,^,zAl"l~l^l {9) {k (A (0))}l^l , 
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Ca.-y,i are constants, so that a (x, 9) ^ P| 5" ^ (K" x Mg ) . Furthermore the cor- 

0<p<l 

responding Fourier integral F is 

{Fu){x) = /" e*'^(=")'^(*)a(x,6') J-w(6')d6' 

(3.19) = H'^^^j) / n^(^(l^l) we'5(M"). 

We consider (Fm) {x) in ]0, /3]" . Then, using an adequate change of variable in the 
integral (I3.19p . we have 

» n 

(Fu)(x)= / u{h{\x\)\x\z)WFK{zj)dz 

which has the form of A in theorem 13.31 In addition the function g (x) — b {\x\) \x\ 
satisfies (j3.4p . Consequently the operator F cannot be extended as a bounded 
operator on (R") . □ 
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